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Binary Search Trees
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Binary Tree: A rooted tree edch node having d

Jeft and a right child, either or both missing,
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subtree are less, all i+c_ms in r';j\-\‘t Subtree

are jreater.
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Classical answer: Maintain a Cleeal) baldnd.e
concditon.
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Since ~ 1942 many Kinds of such

balanced search Frees

have been discovered.
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A Rol‘ation
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C/wanjes o‘cptl\s of some node€s
Takes O(ﬂ time <3 pointer ckan3e5\>

Preserves symmctric srder



Red" B/ac/( —:"T;"gec‘

1. Each pode is either red or blaczk.
2. The reot and g4l missing ‘nede: are black.
3. T/iere. arg nce + we e d m:dec; In 4 Pow,

y A//Pa‘l“l._s 'Fr'om 't}\e rect to g m]s:‘s'lnj he:i;ﬁ.
have the same numbar of black “nodcs.
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1T trees
Syr'nmefr{c_ binar/v B-trees
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A Binary Search Tree

Red / Block:
1) = ds blacks
on PQHS,

2\ reod nodes
heve Uack
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Items in internal nodes, in symmetric order:
items in left subtree smaller,
items in right subtree larger.

Allows binary seakch for items
search time = 1+ depth.




A Red- Black Tree




Red-black tree updates
® Dbiack

@) red

Insert O root e . |
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Delete — short node (all paths down lack one black node) .
©  red or black node (color preserved) ' -

— @ root —> @
— O — > @

»
e creates a
— —

terminating case

— —_— / Nonterminating
if orginal root

is black

O(log n} recolorings; 0, 1, 2, or 3 rotations

O(1) amortized recoloring time for insert/delete:

o =2forvo&>, 1 for ./.\.
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How long to process a sequence of

searches?

If access frequencies are known in
advance and initial tree is arbitrary but
fixed, an optimum binary search tree
(Knuth-style) minimizes the total search

time.

What if access frequencies are not known

In advance?

What if tree is allowed to change

during the sequence?
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Total time for a sequence of accesses
= total search time
(sum of 14 depth of accessed

item, when accessed)

4 total number of rotations
(between searches arbitrary

rotations can be done)



Goal: Compare the minimum-cost
off-line strategy with (simple) on-line

strategies.

Can an on-line strategy

(no future knowledge)

achieve a performance within a
constant factor of that of the
optimum off-line strategy

(access requests known in advance)?
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A Self-Adjusting Search Tree
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Splaying: Sleator and Tarjan (1985)

Rotate each edge along an access path.

Perform rotations in pairs, roughly

bottom-up.

Access path is (roughly) halved, other
nodes can move down, but only by a

few steps.



Cases of Splaying
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Step by Step Example-
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What is Known

Let m be the number of accesses,
n the number of nodes.

Assume m > n.

Total time for m accesses = O(mlogn):

matches bound for balanced trees.

Total time for any access sequence is
within a constant factor of that for an

optimum static tree.

Total time for n accesses, one per item,

in symmetric order, is O(n).
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Pot&‘/\'(:ia‘: define the +total weis\,\t of a

node to be the suwm of the .
maividuwal we_(g\nts of WS

de scendants, includin A e &

The potential of o free isthe
sum of the (bo\se—’rwo> \oaara“t\/\m%

of the wua\n\:s ofF ks wodes.
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Access lemma
holds for voariants
of splaying,includ-
ing fop-down and
maove half-way to
root methods . For
the l\atter the
constant “{oactor S

Z. ‘



Corollaries

Balance Theorem
The total time for
M OQCLCEessSes n gn -

Nnoade ‘tree_ \S
o((tns) Og<n+2_>

Static Optimality
Theorem
If every item is
accessed at least once,
the total access Time it

ofm+3: qi 109 (m/q))

snere 'q)-‘ isthe access
frequency ok terr 1
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Static Finger Theorem

The total access
time \S m

o(n| n+2 log (d (i -F)*Z))
3 C9¥

whexe -V' \S Ny, Lixed
item, 1) is the item
accessed during 'the',

J Qcce,ss our\d d(i \
s the (symmetric-
order) distance
be{:weex\ \te.ms

i ond 9\“.



"Working Set Theorem

The total access tirme
B " | .
o(nlogn+y, log(t(i,1)+2))

J1 »

where £ (1,3 is the
number of” differenT
items accessed
before access |
swnee the last access
of Eem .



Thm. Total time
toaccess all items
once,inSymmetric
order,using splaying

=QO(n).

(any initialtree)



Conjecture
Dtjnamac_ Op‘(\m o.\\'t\j) '

For any access
sequente, sployin
mnimizes the total
access time to
within a constant
factor amon c\\y\am-
¢ Dnary seards tree
algorithms , assuming
vnit cost Per rcotation
and access oost

equol to depth.

(ITnitial tree S 3iuen
or +0(n) term)



